Rotational Mechanics

“ We dance round in a ring and suppode, but the secret sits tn the middle and knows.” — Robert Frost



Why do you hold your arms
out when trying to hold your
balance (on a balance beam,
tightrope, slack line, curb
etc.)?




Why do figure skaters pull
their arms and legs in when
performing quick spins?




Rotational Motion

Motion of a rigid body 1s
usuall‘\' broken up into
translational molion of its
center of mass and rolational
molion about an axis ol

rotation

e A rigi(l l)()(l‘\' 1S One \\'hich
has dehinite and unchanging

Shc’lpf‘




Angular Quantities

* Angular quantities are
analogous to corresponding
quantities in linear motion

* Instead of asking how far
and how fast an object

travels, we can ask how
much and how quickly 1t

rotates




Angular Quantities

Quantity Linear Angular  Relationship

(e st Ml [ in meters | 0 in radians

w = V/r

= AO/At

velocity Vv 1n m/s w 1n rad/s

o =alr

= Aw/At

acceleration BB WAL o 1n rad/s?

Note: 2t rad = 360°



Example 1

* A particular bird’s eye can just
distinguish objects that
subtend an angle no smaller

than about 3x10

a) How many degrees is
this?

b) How small an object can
the bird just distinguish
when flying at a height of
100 m?

e Ans.a)0=0.017°

 b)[=5cm
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Sanity Check

e A rotatlng carousel has one

4 \ .
et Ty S i 4 _ .

, r{j ha ) = ,
child $itting ‘on a horse near P 3P z’g )
the outer edge and another o8y CA.

Y r"-.- ,

child'on a lion haltway out VY

AL FRANTEY s .w~".

from the center.

2) Which child has Sr o

linear speed?

b) Which child has greater
angular speed? SN

- * Ans. a) l‘/ae c/,ul?) on tbe 5&1‘3& S

‘s =m

i | B ‘:;'; Y
: b}égtbaretbedame 50.500000
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Circular Motion & Angular

Quantities

. Ccntripetal acceleration 1n
terms of angu|ar velocit‘v

‘)
® dec = QT

* Frequency in terms of
angular velocity

* w=2nf




Example 2

a) What is the linear spvul of a
L‘hil(i .\’L'(llt'(l 1.2 m from lllc
center of a .\‘lv;um‘\' l'nlétling
lnvl'l"\'-gu-x'()un(] !})ill lllill\'l'.\ one

L‘()lnl)lClU l’U\'nluliUn in -—i.U g/

!)) \\'Imt is hcl' ;u'('(‘lcr;ninn

(t.'mgcnli.'tl and c;cnlrip(-t.‘xl)'.’

e Anas. a) v=1.9m/

s b)a, =0 a. = 5.0 mir



* The platter of the hard disk of a

computer rotates at 5400 rpm.

a) What 1s the angular velocity of
the disk?

b) If the reading head 1s of the drive

1s located 3.0 cm from the axis of
rotation, what 1s the speed of the

of the disk below 1t?

c) What is the linear acceleration of
this point?

d) If a single bit requires 5 pm of

length along the motion direction,

how many bits per second can the
writing head write when 1t 1s 3.0
cm from the axis?




* The platter of the hard disk of a
computer rotates at 5400 rpm.

a) What is the angular velocity of

the disk?

b) If the reading head is of the drive
1s located 3.0 cm from the axis of

rotation, what is the speed of the
of the disk below it?

¢) What is the linear acceleration of
this point?

d) If a single bit requires 5 pm of
length along the motion direction,
how many bits per second can the
writing head write when it is 3.0
cm from the axis?

Example 3

Ang. a) w = 570 rad/s
/?) o= 17 nifs
¢) a. = 9700 m/is

d) 3.9x1P bits per vecond = 425 Kbpo



Kinematic Equations

/\ngu]ar [near

Wf = ; + oAl vi= v; + al\l
AD = wiAL + VoA Ax = AL + YaaAtr?
wr = i~ + 2aA0 vee = vit + 2aAx

Note: remember! the kinematic equations onlt\' work for

constanl! accelemtmn, \\'hether zmgular or lmear



Example 4

* A centrifuge rotor is accelerated from rest to 20,000
rpm 1n 5.0 min.

* How many revolutions has it turned through in this
time”?

e Ano. a = 7.0 radls

o A0 = 5151 rad = 5.0xI¥ rev.



Rolling Motion

* A bicycle slows down uniformly from

a distance of 115 m. Each wheel and tire has an overall
diameter of 68.0 cm. Determine

a) the angular velocity of the wheels at the initial instant

b) the total number of revolutions each wheel rotates in coming
to rest

c) the angular acceleration of the wheel

d) the time it took to come to a stop



Rolling Motion

o A bicyele slows down undformly from vo = 8.90 m/s to rest

over a distance of 115 m. Each wheel and tire has an
overall diameter of 68.0 cm. Determine

a) the angular velocity of the wheels at the initial instant
* wo = Vo/r
* wo = (8.40 m/s)/(0.340 m)

e wo=24.7 rad/s



Rolling Motion

o A bicyele slows down uniformly from vy = 8.490 m/s to rest over a

distance of 115 m. Each wheel and tire bas an overall diameter of
68.0 cm. Determine

b) the total number of revolutions each wheel rotates in coming to rest

* Revs = d/C
e Revs = d/(2xr)
* Revs = (115 m)/(2x°0.340 m)

* Revs = 53.8 rev



Rolling Motion

o A bicyele slows down undformly from vo = 8.90 m/s to rest

over a distance of 115 m. Each wheel and tire has an
overall diameter of 68.0 cm. Determine

¢) the angular acceleration of the wheel
¢ a=(w?-w?)/(2A0)
e a=(0-(24.7 rad/s)*)/(2#2:253.8 rev)

e a=-0.902 rad/s?



Rolling Motion

o A bicyele slows down uniformly from vo = 8.90 m/s to rest

over a distance of 115 m. Each wheel and tire has an
overall diameter of 68.0 cm. Determine

¢) the time it took to come to a stop
¢ {=(w)] - wo)/cx
e 1=(0-24.7 rad/s)/(-0.902 rad/s?)

e =274s



lorque

* Rotational kinematics — how things rotate
* Rotational dynamics — why things rotate
* To make an object rotate, we need a ftorce

 But the direction of the force, and where we
apply 1t, matters



lorque

* Apply force F,

* The bigger the force, the more
quickly the door opens

* Apply the same force closer to the
hinge, at F»

* Door will not open as quickly

* The angular acceleration of the door
is proportional to the magnitude of
the force applied and the distance
that force is from the axis of rotation

 That distance is called the lever

aI'm




Torque (or why hobbit doors are a
dumb design)

* The "twisting torce” which
cause rotation i1s called the
e (1)
* T=r [";

* Measure in Nm

e o« % 7 (justhkea = I')




lorque

* F), Fy, and F3 might all be the

same magnitude and the same l‘ I o]

distance r from the hinge

* but they will not all result in
the same twisting motion

 only the perpendicular
component of the force will
contribute to rotation



lorque

* F), Fy, and F3 might all be the

same magnitude and the same l‘ I o]

distance r from the hinge

* but they will not all result in
the same twisting motion

 only the perpendicular

component of the force will
contribute to rotation

. lr = rl"sin()l



Example 5

* Hercules and the Hulk are in
competition for some reason. They've
matched each other in every test of
strength, so Bruce Banner devises the

l.()l lO\'\’il\g | llg-O’.—\\'il l'-CS(] uce chu“cngc.

* Two thin C‘\'limlrical wheels, of radiu r =
3.0 m and m = 5.0 m, are attached to
('ztcl\ mhcr on an a,\‘cl th;lt PASSEes

through the center of each.

* Both apply 5 million N of force as

shown to the right. Who wins? What's
the net torque”?

2 F1=5.0x10° N
" 4

o Ans. The Hulk wino. T, = -0.7x10° Nm

):



Rotational Inertia

> l ANCar ii('('l'l(‘l’ill 101

e q-= S m

R

. .\ngulatr acceleration

* a=)7/1

MHeave-ho,

. .\1()[!1(!1{ Ol illt'!'li(t (()l'

rotational inertia) 1s a

measure of a l)()(l\' S resistance

tO ('lumgcs 1N its rotation

e Rotational “laziness’



Rotational Inertia

Picture a particle of mass m
revolving in a circle of radius r

Initially at rest, we want this /
particle to start rotating, so we give /[
it a push |

F = ma \

F = mra /
= -

T = mrea = -

l, »
* mr- represents the moment ol
inertia ol the particle (measured

in kg * m*)



Rotational Inertia

. Cnn.\'i({m‘ d l'()l;iling llc_l(l !)()ll.\'

gr

' A
7.":4':
. "J
B

o S

-

- l){i.\'i(';l“.\' A t_'()“t}t,'li()n ()f‘
/“

particles all at varying distances

irom (lu_‘ AXIS ol rotation

* Newtons 2™ Law lor rotation



Things to Note

* Moment of inertia (/) plays the same role for rotational
motion that mass plays for translational motion

* The rotational inertia of an object depends not only on its
mass, but also on how that mass is distributed with
respect to the axis of rotation

* A large-diameter cylinder will have greater rotational
inertia than a smaller-diameter cylinder of equal mass

* The former will be harder to start rotating and harder
to stop



Example 6

* Two weights of mass 5.0 kg and 7.0
kg are mounted 4.0 m apart on a
massless rod. Calculate the moment
of inertia of the system

a) when rotated about an axis
halbway between the weights

b) when the system rotates about

an axis 0.50 m to the left of the
5.0-kg-mass

a) [ =498 kg - m’

b) =195 kg em-

) fiom]




Moment of
Inertia

e Don’'t memorize
e Do

* roughly how they rank

from greatest to least

* what that implies about
their behavior

(b)

(<)

()

(e)

(n

(g)

(h)

Location Moment of
Olyject of aves incrtia
xis
Thin hoop, Through v
radhs K cenlor MR-
it Sap
.m oenir. | . ’”
wadth W diametor }MR' ’ :}“ W
Solid cylinder, Through |
radin R cenler ':“R’
Hollow cylinder, Through I 2. ot
inner rades R center FMIR; « R3)
outer s R:
qu:l sphere, Through
rinchians oenior {MRJ
Long uniform rod, Through YT
kength L cenler °
Axis
Long uniform rod, Through | a2
kength L end L— )
Rectangular Through LML e wh)
thin plate, cenler v

kength L, width W




Example 7

* A 15.0 N force is applied to a cord
wrapped around a pulley of mass J/ =

4.00 kg and radius R = 33.0 cm. The

pulley is observed to accelerate

uniformly from rest to reach an angular
speed of 30.0 rad/s in 3.00 s. If there is a

trictional torque (at the axle), 7, = 1.10

Nm, determine the moment of inertia of

the pulley.
o V1 =385 Nm

o o= 10.0radls

. ;"Il.'. l = ()‘ 5«?5 .("cj " Ill"') 11.



Rotational Kinetic Energy

* Translational kinetic energy
o KEian = Y2 mv*

*» Rotational kinetic energy
- KE,-.,, = 14 [w*

e Make sure, do the units
check out?

o Kl:ﬂu(ul - l\' li!l'.ll\ + Kl’i:m




Example 8

* What will be the speed of a solid
sphere of mass 4/ and radius R
when it reaches the bottom of an M
incline if it starts from rest at a
vertical height / and rolls
without slipping?

h
* Ano. v =V 10 gH
7
* How does this compare with an = 3
object sliding down a frictionless
incline.

* Ans. v =V2H



Angular Momentum

LLinear momentum

* p= muv

Angular momentum

°| L =lw I

* Measured in kg - m“/s
Newton's 27 Law (linear)

o« YF = Ap/At

Newton's 2™ Law (angular)

-‘zr-.- AL/A:I



Conservation of Angular
Momentum

e The total angular momentum of a rotating body
remains constant if the net torque acting on 1t 1s
Zero



Example 9

* A mass m attached to the end of a
string revolves in a circle on a
frictionless tabletop. The other
end of the string passes through a
hole in the table. Initially, the mass

revolves with a speed v = 2.4 m/s

in a circle of radius r = 0.80 m.
The string is then pulled slowly
through the hole so that the radius
is reduced to 9 = 0.48 m. What is

the speed, v2, of the mass now?

e Anv. vy = 4.0 m/fs




* Why do you hold your
arms out when trying to
hold your balance (on a

balance beam, tightrope,
slack line, curb etc.)?

* Holding your arms out
increases your rotational
inertial, making 1t harder
for you to tip over.




. \\,'h‘\, do ﬁgurc skaters pul]
their arms and lcgs in when

yerforming quick spins?
! s Y }

e [, = lw s conserved

* I you decrease vour moment
of 1nertia, vou ticredase vour

ol ngula I SPCC(’




